RATLIFF-RUSH FILTRATIONS ASSOCIATED WITH IDEALS 
AND MODULES OVER A NOETHERIAN RING 

TONY J. PUTHENPURAKAL AND FAHED ZULFEQARR 

Abstract. Let _R be a commutative Noctherian ring, M a finitely generated 
i?-module and / a proper ideal of R. In this paper we introduce and analyze 
some properties of r(I,M) = Ufc>i(^'''''^*^ ■ I^M), the RatlijJ-Rush ideal as- 
sociated with I and M. When M = R (or more generally when M is projective) 
then r{I, M) = /, the usual Ratliff-Rush ideal associated with /. If / is a reg- 
ular ideal and annM = we show that {r{I" , M)}„^q is a stable /-filtration. 
If Mp is free for all p G Spec R \ m-Spec R, then under mild condition on R 
we show that for a regular ideal /, i{r{I, M)/I) is finite. Further r{I, M) = I 
if A* (/) n m-Spec i? = (here A* (I) is the stable value of the sequence 
Ass(R/I")). Our generalization also helps to better understand the usual 
Ratliff-Rush filtration. When 7 is a regular m-primary ideal our techniques 
yield an easily computable bound for k such that /" = (/"+* : j'') for all n ^ 1. 
For any ideal / we show that = I"AI+H° (M) for all n > 0. This yields 

that Ti{I, M) = ©„^o Noetherian if and only if depth M > 0. Surpris- 

ingly if dimM = 1 then Gi{M) = 0„>q P^/I"+'^M is always a Noetherian 
and a Cohen-Macaulay G/(i?)-module. Application to Hilbert coefficients is 
also discussed. 



Introduction 

Let i? be a commutative Noetherian ring and / an ideal of R. The RathfF-Rush 
ideal / = Ua;>i(^''"'^^ • ^'') ^ useful notion. When R is local and / is m-primary, 
the Ratliff-Rush filtration {/"}n>i has many applications in the theory of Hilbert 
functions, for instance see [18]. In this paper we generalize this notion. 
Let M be a finitely generated i?-module. Set 



r(/,M) = [j{l''+^M : I'^M). 



k>l 



We call r{I,M) the Ratliff-Rush ideal associated with I and M. Notice that 
r(J, M) = I \i M = R. Our generalization also gives us a better understand- 
ing of the usual Ratliff-Rush filtration. For instance when i? is a Cohen-Macaulay 
local ring and / is an m-primary ideal it is useful find a upper bound on k such 
that /" — J*^) for all n ^ 1, see [19]. Our techniques enables us to find an 

easily computable upper bound on k (see 8.12 and 8.7). 
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We analyze many of its properties. Perhaps the first non-trivial property is that 
the function / i — > r{I, M) is an involution on the set of ideals of R, i.e., 

r{r{I,M),M)=r{I,M). 

This is done in Theorem 3.3. 

Next we relate this notion to integral closure. In Theorem 4.4 we show that if / 
is a regular ideal then there exists a rank 1 module M such that r(7, M) = I. A 
typical example of a rank one module is a regular ideal. In Proposition 4.5 wc show 
that there exists a regular ideal J such that r{I, J) = I. Furthermore we prove (in 
Proposition 4.5) that the set 

C{I) = { J I J a regular ideal with r{I, J) = I}. 

has a unique maximal element. 

Next we analyze the filtration !FIj = {r(/", M)}„>i. We first prove that this 
is a filtration of ideals and an /-filtration (see Theorem 2.1). Thus TZ{J-'lf) = 
0„>o r(/", M) is a TZ{I) = ©„>o /"-algebra. Let IM = Ufc>i(/'=+iM :m I''),J^ 
Ratliff-Rush module of M associated with I. We show that n{I, M) = 0„>o 
is a graded 7^(.7^^)-module (see Proposition 2.4). In Theorem 5.3 we prove that if 
grade(/, M) > and annM = then is a stable /-filtration. 

If M is a projective /?-module then r(/, M) = / for all ideals / (see Proposition 
1.6). As R is Noetherian, projective (finitely generated) modules are precisely 
locally free (finitely generated) modules. In some sense the next case is to consider 
/^-modules M such that 

(*) Mp is free for all p G Spec(/?) \ m-Spec(/?) 

(here m-Spec/? denotes the set of maximal ideals of R). For instance if M c F 
where F is a free /^-module and if £{F/M) is finite then M satisfies (*). Here 
£{—) denotes the length. On R we impose a mild condition Ass /? P| m-Spec /? = 
(every domain that is not a field satisfies this condition). We show that if / is a 

regular ideal then £ (r{I, M)/Tj is finite and the function n i — > £{r{I", M)/I'") is 

a polynomial function. Wc show that r(/, M) = / if A*{I) fl m-Spec/i = 0. Here 
A*{I) is the stable value of Ass(/?//"). 

In the case when annA/ 7^ or grade(/,M) = we go modulo the ideal 
{Hf{M) : M). In Proposition 7.3 we show that if M 7^ Hf{M) then 

r(/"+\ M) = / ■ r{r, M) + {H^i{M) : M) for all n > 0. 

An easy consequence of our techniques (see Proposition 7.5) is the following result 
in the case of the usual Ratliff-Rush filtration of a module M with respect to / 

= TM + H^{M) foralln>0. 

In the final section we show that if dimM = 1, Gi{M) = ® n-^^I^i / 1'^+'^ M 
is a Noetherian and a Cohen-Macaulay G/(/?)-module. This is surprising since if 
depth M = (and dimM = 1) then n{I,M) = 0„^(,/Nl/ is not a Noetherian 
7?.(/)-module. We also give an application of our result to Hilbert coefficients. 

Here is an overview of the contents of the paper. In section one we study few basic 
properties of the ideal r(/, M). In section two we study the filtration {r(/", M)}„>i 
and explore the relation between {r(/",M)}„>i and {/"M}„>i. In section three 
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we prove that the operation / i—>- r{I, M) is an involution. In section four we relate 
it to integral closure. In section five we prove that it is a stable /-filtration when I 
is regular and ann M = 0. In section six we study the case when Mp is free for all 
p G Spec R \ m-Spec R. In section seven we study the general case when ann M 7^ 
or grade(/, M) = 0. For the next sections we assume that (i?, m) is local. In section 
eight we study its relation with superficial elements. This is then used to give a 
bound on k such that /" = (^jn+k . jfe-j ^^j. g^j^ ^ > l. In section nine we study ideals 
having a principal reduction and use it to compute r{I, M) in some examples. In 
final section we show that if dimM = 1 then G/(M) = ^n^gl^ / I"'^^M is 
always a Cohen-Macaulay G/(i?)-module. Finally we give an application of one of 
our results to Hilbert coefficients of a 1-dimensional module. 

1. Preliminaries 

In this paper unless otherwise stated all rings considered are commutative Noether- 
ian and all modules are assumed to be finitely generated. 

Let i? be a ring and / an ideal of R. Let M be an i?-module. Consider the 
following ascending chain of ideals in R 

I C {IM : M) C {I^M : IM) C ... C {I^+^M : I^M) C ... 

Since R is Noetherian, this chain stabilizes. We denote its stable value by r(/, M). 
We call r(J, M) the Ratliff-Rush ideal associated with I and M. 

In this section we prove some basic properties of ideal r(/, M), in particular we 
show that 

r{I,M ®N) =riI,M)nr{I,N) and r{I , M (^r N) D r^I, M) + r{I, N). 
We also investigate the case when r{I, M) = R. 

Remarks 1.1. 

(a) r{I, M) = {I^+^M : I^M) for all fc » 0. 

(b) When M = R, 

r{I, R)=[J {1''+^ : I'') = I, the Ratliff-Rush closure of /. (see [11]) 
fe>i 

(c) For n> 1, we have 

r{r,M) = y (J"+'=M : I'^M). 

k>l 

(d) One can easily check that 

/ C 7c r(J, M). 

(e) Let R = ®„>o Rn be a graded ring and /, a homogeneous ideal of R. Let 
M be a graded i?-modulc. Then r(/, M) is a homogeneous ideal. 

We give an example which shows that there exists a module M such that 

/ C 7c r{I,M). 

Example 1.2. Let R = k[t^,t^^ ,t^'' ,t^% m = {t*,t^\t^^ ,t^^) R, I={t*,t^^)R 
and M = (f*, t^^jt^"^) R. One can prove (by induction on n) that 

jn ^ :i = o, 1,2,..., n)i? foralln>l. 



4 TONY J. PUTHENPURAKAL AND FAHED ZULFEQARR 

Note that t^* ' ^ so e 7. One can verify that ^ : /") for all 

n > 1. Thus we get / = {f^ ,t^'^ ,t^^) R. Notice that t^"^ G (/M : M) . Now since 
7 C r{LM), we get r{I,M) = {f^ ,t^'^ ,t^\t^^) R. Therefore / C ICr{I,M) and 

r{I,M) = m. 

We next give an example from [17, 1.4] of a Ratliff-Rush closed ideal / of ring 
R and a module M such that I ^ r{I, M). 

Example 1.3. Let R = k[x, y] be a polynomial ring in variables x and y. Let 

I = {y'',xV,xV\xV\x'V\x'V,xW,x'V,x'')R, 
and M = {x'^,y^)R. 

By [17, 1.4], I is Ratliff-Rush closed, that is 7 = 7 (also see Example 8.13). Using 
Singular [7] one can verify that 

{I^M : I^M) = I + {x^y^\x%^\ x^^y^°, x^°y^) R. 
So, 7 C (74m : I^M) C r(7, M). Hence 7 = 7 C r(7, M). 

We collect some properties of the ideal r(7, M) in the following proposition. 

Proposition 1.4. 7ef M and N be any two R-modules. Then 

(a) If f : M — > N is a surjective R-homomorphism then r{I,M) C r{I,N). 

(b) r(7, M®N) = r{I, M) n r(7, N). 

(c) r(7, M 0ij TV) D r(7, M) + r(7, TV). 

(d) If T is a Noetherian ring which is a fiat R-algebra then 

r{I, M) 0n T = rrilT, M ®rT). 

(e) If S is a multiplicative closed subset of R then 

r{I,M) ®nRs^rR,{IRs,Ms). 

(f) For a regular ideal I, r{I, M) = r{I, M). 

(g) For each n>l, we have r{r,M) = r{r,FM) for all s > I. 

Proof (a) Let x e r{I,M). Then, for some fc > 0, we have x G {I'^+'^M : I^M). 
Thus 

xI^M C I^+'^M, 
so xl'^fiM) C I^+^f{M). 
Since / is surjective, we get x G {I^^^N : I^N) C r(7, N). 

(b) Let X G r(7, M © TV). Then xI^{M © TV) C 7*=+i(M © N) for some fc > 0. 
Therefore 

xl'^M C 7'=+iM and a;7'=TV C 7*^+^TV. 
So a; Gr(7,M)nr(7,TV). 

The reverse inclusion is obvious. 

(c) Let X G r(7, M). We have xl'^M C I^+'^M for some fc > 0. Let Y.i ai{mi®ni) G 
7'=(M (g) TV), where ai G l''. We have 

X i'^ai{mi® Ui) = y~^(a;a»mi) (g) 
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Since xaiirii £ I^+^M, xaim^ = X^j where G I^^^ and uj*'' G M. 
Thus 



= E -^f ("f ® ^ (M iV). 

In the same way one can show that r{I, N) C r(/, M N). 

(d) Using [14, 18.1], we have 

(7"+^M : 7"M) 0fl T = (7"+^M (g)^ T :t /"M 0^ T) foralln>l. 
Therefore we get 

r{I,M)^RT = {I^+^M : I^M)®rT ioT &\\k^Q, 

= {I^+^M ®rT -.T I'^M ®rT) forallfc>0, 
= rT{IT,M®RT). 

(e) This follows from part (d), since Rs is a flat i?-algebra. 

(f) For any regular ideal I of R, we have = l'^ for all fc » (see [11, 2.1]). 
Therefore 

r(7, M) = (J^+^M : I^M) for all fc > 0, 
= {I^+^M : I^M) for all A; > 0, 
= r(/,M). 

(g) Notice that 

r(J", FM) = y {I"+''rM : I'TM) = r{r, M). 

□ 

Remark 1.5. From 1.4(b) and 1.1(d) it follows that if a module M has a free 
summand then r{I, M) = I. 

Corollary 1.6. Let M he a projective R-module and let I he an ideal of R. Then 

r{I, M) = I. 

Proof. Set J = r{I,M). Since M is projective, Mp is free for all p € Speci?, by [5, 
4.11 (b)]. Note that ICJ. Now if p e Spec J? then 

Jp = rR^{Ip,Mp), (byl.4e) 

Also (7)p = 7p. 

Thus J/7 is locally zero and hence zero. □ 
The next proposition enables us to determine when is r(7, M) = R. Let 
77^(M) = {m e M : 7"m = for some n > 1} 
be the 7-torsion submodule of M. 
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Proposition 1.7. Let I he a proper ideal of ring R. The following conditions are 
equivalent 

(a) r(/, M) = R. 

(b) there exists n>0 such that I"M = I"'+'^M. 

If Hj{M) = M then r{I,M) = R. Furthermore if R is local then the converse is 
also true. 

Proof (a) (b): If r(/,M) = R then 1 e (7"+^M : 7"M) for some n. Therefore 
we get /"+iM = /"M. 

(b) (a): If /"M = /"+iM for some n > then 1 e (/"+iM : /"M) C r(7, M). 
So r(/, M) = i?. 

Suppose Hj{M) = M. Since M is a finitely generated i?-module, there exists 
an integer n > 1 such that 7"M = 0. Hence r{I, M) = R. 

Let R be local and / Cm. If r(/, M) = i? then by (b), 7"M = 7"+iM. So by 

Nakayama's lemma, /"Af = 0. Thus 77° (M) = A7. □ 

The following example shows that in the non-local case, it is possible that 
r(7,M) = 7? but 770(M) ^ M. 

Example 1.8. Let 7? be a ring, having a nontrivial idempotent element e (i.e. 

= e and e 7^ 0, 1). Let 7 = (e) R and M = I. Notice that 7"M = I"+'^M for 
all n>l. Therefore, by Proposition 1.7, we have r{I,M) = R. Note that e cannot 
be killed by any power of 7 as 7" • e = 7"+^ = 7^0. So e ^ 77?(M). But e e M. 
Hence M ^ Hf{M). 

2. The Filtration JTj^ = {r(7",M)}„>o 

This section deals with = {r(7", M)}„>o. Wc first show that it is a filtration 
of ideals and also an 7-filtration. We explore its relation with the Ratiff-Rush 
filtration of M with respect to 7. We also prove that if gradc(7, M) > then 
r(7,M) = (Jm : M). 

For the definition of filtration of ideals, see [3, 4.4]. The following theorem shows 
that the collection = {r(7", A7)}„>o of ideals is an 7-filtration. 

Theorem 2.1. For any R-module M, the sequence J^j^ is a filtration of ideals. It 
is also an I-filtration. 

Proof. It is easy to show that 

r(7", M) D r{r+\M) for all n > 0. 

Next we prove the following 

(a) r{I'',M) ■ r{I"',M) C r(7"+", M) for all n, m > 1. 

(b) 7 • r(7", M) C r(7"+S M) for all n > 1. 

(a) : Let x G r(7", M) and y G r{I"', M). Wc have 

xI^M C r^+^M for all /c > 0, 
and yl^M C 7™+'=M for all A; > 0. 
Therefore, for all fc ^ 0, we have 

xyl^M C xI"'+''M C ir^+m+kj^_ 
Thus, xy e r(7"+'",M). 

(b) : This follows from (a) since 7 C r{I,M). Thus J^l^ is an 7-filtration. □ 
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Let us recall the definition (see [9], also see [15]) of the Ratliff-Rush submodule 
of M with respect to /. 

Definition 2.2. Consider the following chain of submodules of M : 

IM C (/^M :m I) C {I^M :m C ... C {r+'^M :m C ... 

Since M is Noethcrian, this chain of submodules stabilizes. Wc denote its stable 
value by IM. We call IM to be the Ratliff-Rush submodule of M associated with 
I. The filtration {/"M}„>i is called the Ratliff-Rush filtration of M with respect to 
I. 

Notation: To facilitate further calculations, set 

J^i, = W, M)}„>o , n^'M) = r(J", M) , 

n>0 



7^(J) = 0/^ G/(i?) = , Gz(i?)+ = 0/7/"+S 

n>0 n>0 n>l 

Gi{M) = rM/r+^M and :^(/, M) = M". 



n>0 n>0 

Remark 2.3. By Theorem 2.1, is a filtration of ideals in i?, so TZ{TIj) is a 
ring. Clearly Ti{I) C TZ{J^l^) is a subring. Since .F^ is an /-filtration then Ti{J^l^) 
is an TZ{I)- module. 

We study the relation between the 7^(/)-algebra TZ{J^lj) and the 7?.(/)-module 
■R,{M). We first show that 

Proposition 2.4. TZ{I,M) is a graded TZ{J^l^)-module. 

Proof. Set /„ = r(/"', M). It is enough to check that 

(*) /„ • 7™M C /i^^^nM for all n, m. 

Take any x G In and z G I^M. Then, by [15, 2.2(iii)] and definition of /„, we have 

jk^Cl'^+^'M and a;/*^M C 7'=+"M for all fc > 0. 
Therefore, for all A; > 

xl'^z C X ■ I'^+'^M C M. 
So xz e /"+™M. 

□ 

Corollary 2.5. Set J = r{I,M). Then 

rM C J"M C /NVf for all n > 1. 

Proof. The first inclusion is clear. The second inclusion follows from the fact J" C 
r(/", M) and Proposition 2.4. □ 

Corollary 2.6. Set J = r{I,M). Assume that grade(/, M) > 0. T/ien 

J''M = rM foralln->Q. 
Furthermore if grade{Gi{R)+,Gi{M)) > then 

rM = rM for all n> I, 
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Proof. First part follows from [15, 2.2]. For second part, note that grade(G7(i?)+, 
Gi{M)) > implies (see [9, Fact 9]) that = I'^M for all n > 1. □ 

Proposition 2.7. // grade(J, M) > then 

r{I,M) = (/M : M). 

Proof. From Proposition 2.4, it follows that r{I,M) C (JM : M). For reverse 
inclusion, let x G {IM : M). Then 

xM C IM, 

so xl'^M C i'^Tm = I^+'^M for all A; > 0. 

Thus X G r(/, M). Hence r(/, M) = [IM : M). □ 

3. Involution Properties 

In this section we prove that the function / i — > r(J, M) is an involution on 
the set of ideals of R (see Theorem 3.3). We first prove the result in the case 
when gradc(/, M) > 0. We also show that if grade(/, M) > then r{I,M) is a 
Ratliff-Rusli closed ideal. 

Proposition 3.1. Let grade(/, M) > 0. Set J = r{I,M). Then 

(a) rJJ, M) = J. 

(b) J = J. 

Proof, (a) By Corollary 2.6, there exists an integer fco such that 

(i) J^M = I^M {ovk>kQ. 

Also there exists ko' such that 

r(J,M) = {J''+^M : J'^M) for all A; > fco'- 

Prom (i), it follows that 

r(J,M) = (Z'^+^M : 7*=M) for all > max{A;o, fco'} 
C r{I,M) = J. 

Since J C r{J, M) always we get r( J, M) = J. 
(b) Let a; G J. Then 

xJ^ C forall/c>0, 
xj'^M C j'^+iM for all A: > 0. 

By Corollary 2.6, we get 

xl'^M C I'^+'^M for all fc > 0. 

Therefore x € J. Hence J = J. □ 

To tackle the case when grade(/, M) = we first prove 

Lemma 3.2. For any ideal I, the following hold 

(a) r(7, M)=r (/, M/H'^{M)) . 

(b) r{I'',M) = r {l'',M/H°{M)) for all n > 1. 
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Proof, (a) If M = Hj{M) then our assertion follows from Proposition 1.7. Sup- 
pose M ^ H'}{M). Since the natural map M — > M/H^{M) is surjective, by 
Proposition 1.4(a), we have 

r(/,M) Qr{l,M/H%M)) . 

hetx&r {I,M/H^{M)). Therefore 

xI^M + H°j{M) C I^+^M + H°j{M) for some fc>0. 

Since M is a finitely generated ii-module, there exists an integer r e N such that 
rH^j{M) = 0. Therefore 

So x € {r+'^+^M : r+'^M) C r{I,M). 

(b) This follows from (a), since if?„(M) = H^{M) for all n > 1. □ 

We now prove the involution property in general. 
Theorem 3.3. For any ideal I of ring R, we have 

r{r{I,M),M) = r{I,M). 

Proof. Set J = r{I,M) and N = M/H°{M). If M = H°{M), then J = by 
Proposition 1.7. Also clearly r{R,M) = R. Now suppose M ^ H^{M). By using 
Lemma 3.2 for the ideals / and J, we have 

(i) J = r{I,M) = r{I,N). 

(ii) r{J,M)=r{j,M/H%M)). 

Since I C J we get Hj{M) C H^{M). Therefore the epimorphism 

M/H%M) — > M/H^M) = N 
induces, by Proposition 1.4(a), 

(iii) r{J,M/H°j{M))Cr{J,N). 

Notice that grade(7. A'') > 0. Therefore, from Proposition 3.1, we get 

(iv) r(J, N)=r (r(7, N), N) = r{I, N). 
Using (ii), (iii) and (iv), we get 

r(J,M) = r{J,M/H${M)) C r{J,N) = J. 
But r( J, M)DJ always. Therefore r( J, M) = J. □ 

4. Relation with Integral Closure 

In this section we show that r(7, M) C /, the integral closure of / when annM = 

and grade(/, R) > 0. In particular when M has a positive rank and J is a regular 
ideal. We prove that if / is a regular ideal then there exists an i?-module M of rank 
1 such that r(7, M) = 7. Finally we show that if 7 is a regular ideal then the set 

C(7) := { J : J is regular ideal and r(7, J) = 7 } 

is non-empty and has a unique maximal element. 
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Remark 4.1. For any x e r(/, M), there exists fc > such that xl''M C l''+^M. 
By determinant trick, there exists f{t) G R [t] such that 

f(t) = + aii"~^ + ... + ttn-it + an, where e 

and f{x) e ann(7'=M). 

The following proposition gives a relation between r{I, M) and I. 

Proposition 4.2. Let annM = 0. If either of following two conditions holds 

(a) gradc(/, R) > 0. 

(b) grade(/,M) > 0. 

Then r{I, M) C /. In particular if I is a regular ideal and M has a positive rank 
then r{I, M) C 7. 

Proof, (a) By the remark above we get that f{x)I^AI = for some k > 0. But 
annM = 0. So f{x) ■ I^ = Q. Since grade(/, R) > 0, we get /(x) = 0. Hence x el. 
(b) Note that grade(/, M) > yields ann(/''M) = ann M. Now from hypothesis 
annM = 0, it follows that f{x) = 0. Hence x E I. 

Finally note that if M has a positive rank, say r, then annM = (since it 
contains R^ as a submodule. □ 

Remark 4.3. Notice that annM = together with grade(/, M)>0 implies 
grade(/,i?) > 0. Thus (b) follows from (a). 

The next proposition ensures the existence of an ii-module M for a regular ideal 

/ of i? such that r{I, M) = 7. 

Theorem 4.4. Let I be a regular ideal of R. Let J be an ideal such that I ^ J ^ I. 
Then there exists R-module M of rank 1 such that 

I CJC r{I, M) C 7. 

In particular, there exists an R-module M of rank 1 such that r{I, M) = I. 

Proof. Let ^ G J \ / be any element. We have + J27=i Q'i^""' = 0) with a, G P. 
Thus 

n 

(*) ^" = - ^ fliz"-'. 

i=l 

Set = {z, 7)""^ R. We claim that zN C IN. Let x & N. Then 

n-l 

X = rz"-~'^ + ^ biz"-~'^~\ where r G R and hi e 

71-1 

Therefore zx = rz"- + '^biz''-\ 

i=l 

By using (*), we get zx = Yl7=i{bi - rai)z''-' - ran & IN. Thus zN C IN and 
hence z G r{I, N). 

Let us assume that J — {zi,Z2, Zs) R and set Ni = {zi, /)"' ^ R, where rij 
is the degree of an integral equation satisfied by Zi. Set M = Ni iS)r N^ ®r ... ®r 
Ns. Notice that rankM = 1. By Proposition 1.4, we get J C r{I,M). But, by 
Proposition 4.2(a), we always have / 3 r(7, M). □ 
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Proposition 4.5. For any regular ideal I, there exists a regular ideal J such that 

r(/,J)=7. 

Proof. By Theorem 4.4, there exists an i?-module M of rank 1 such that r(/, M) = 
7. Let T(M) denote the torsion submodule of M and set N = M/T{M). Note 
that the surjective map M — > N induces r{I, N) 3 r{I, M) = I. But as rank A'' = 
rankM = 1, we have r{I, N) C7 (by 4.2(a)). So r{I, N) = I. Clearly A'' is torsion- 
free so that TV ~ J for some ideal J of R. Since J is of rank 1, J is a regular ideal. 
Notice that r{I, J) = r{I, N) =1. □ 

Let C{I) := { J : J is a regular ideal and r(J, J) = I }. By Proposition 4.5, 
C(/) 7^ 0. Since R is Noetherian, C{I) has a maximal element. We show that 

Theorem 4.6. C{I) has a unique maximal element. 

Proof. Suppose Q G C{I) is a maximal element and J & C{I). By Proposition 1.4, 
the following epimorphism J ®Q — > J + Q — > induces 

r{I,J®Q) C r{I,J + Q). 

But r{I, J®Q) = r{I, J) f] r{I, Q) = I, by Proposition 1.4(b). 

So 7 C r{I,J + Q). 

But r{I, J + Q) Q I, since J + Q has rank 1 as an i?-module so r(/, J + Q) ^ I. As 
Q is maximal this gives Q = J + Q. So J C Q. Hence C(/) has a unique maximal 
element. □ 

5. Stable filtrations 

In this section we discuss the conditions under which our filtration J^lj = 
{r(7",M)}„>o is a stable 7-filtration. This is equivalent to saying that the Rees 
algebra TZ{J^lj) is a finitely generated 7^(/)-module. Our main result (Theorem 
5.9) is that if grade(/, i?) > and annM = then .F^ is a stable /-filtration. In 
local case we prove that ann M = is a necessary condition for .F^ to be a stable 
/-filtration. 

5.1. Recall a filtration of ideals /? = /o 3 /j^ D ... I) /„ D /„_|_i I) ... is said to be a 
stable I-filtration if //„ C /„_|_i for all n > and //„ = /„+i for n ^ 0. 
The lemma below is crucial to prove our main result. 

Lemma 5.2. Let S be a ring and RC S, a subring of S, such that R is Noetherian. 

Assume thai there is a faithful S -module E {i.e. armsiE) = ) such that E is a 
finitely generated R-module. Then S is finitely generated as a R-module (and so 
Noetherian). 

Proof. Note that any S-linear map / : M — > A'' between S'-modules M and A'', is 
also /^-linear. Consider the inclusion map 

i : Horns (/;, E) — > RomR{E, E) such that / i — > f. 

Notice that i is /^-linear. For s € S, let fig '■ E — > E be the multiplication map 
i.e., iJLs{t) = st for all t ^ E. Define 

(p-.S — > Roms{E,E) 
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Clearly (p is S'-linear and so i?-linear. Notice that ker0 = 0, since E is a. faithful 
5-module. Consider the following composition 

5 Horns E) ^ Honifl(i;, E). 

Clearly i o is an injective i?-linear map. Therefore as i?-modules 

5 = to a ii-submodule of Homfl(£', E). 

As R is Noetherian and E \s & finitely generated i?-module, we get S is a finitely 
generated i?-modulc. □ 

The next theorem shows that the filtration J^j^ is a stable /-filtration under 
fairly mild assumptions. 

Theorem 5.3. Let grade(/, M) > and annM = 0. Then J^l^ is a stable I- 
filtration. 

Proof. For convenience, set S = TZi^lj), 7^ = 7^(/) and E = e„>o/^t". By 
Proposition 2 A, E is an 5-module. Since grade(/,M) > 0, = I'^M for all 

n » (sec [15, 3.3]). So £^ is a finitely generated 7?.-module. 

We prove that a,nns(E) ~ 0. Notice that a,nns{E) is a homogeneous ideal of S. 
Let xt^ G a,nns{E) be a homogeneous element. As xt" ■ E = we get x ■ M = 0. 
Thus x G annM = 0. Therefore ann5(£') = 0. Using Lemma 5.2, we conclude that 
<S is a finitely generated 7?.-module. So J^l^ is a stable /-filtration. □ 

The following example shows that the hypothesis in Theorem 5.3 is not necessary 

for TZ(J-'Ij) to be Noetherian. 

Example 5.4. Let / be a nilpotent ideal of R (i.e. 1^ = for some r > 1). Then 
r(/", M) = R for all n > and for any /?-module M. Thus 7^(.F^) = R[t], which 
is a Noetherian ring. 

Remark 5.5. Let / be any ideal of R. Let x G annM. Then a; • M = 0, so 
xl'^M = C /"+'^M for all n,k>l. Therefore x G r(/", M) for ah n > 1. Hence 

annM C f] r{r,M). 

n>l 

Proposition 5.6. If ^ stable I-filtration then 

annM C Q /". 

n>l 

Proof. For convenience, set /„ = r{I",M). Since J^l^ is a stable /-filtration, there 
exists an integer uq such that 

(i) /„,+fc =/'=/„, for all A; >L 

By above Remark 5.5, one has annM C In^+k for all fc > 1. Therefore, by (i), we 
have 

ann M C /„^+fe C /'^ for all k>l. 
Hence result follows. □ 

Remark 5.7. The above Proposition 5.6 proves that if the /-adic filtration is 
separated, i.e. nn>i " = then 

J^if is a sfaWe /-filtration => annM = 0. 
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An easy consequence of Proposition 5.6 is following 

Corollary 5.8. Let {R,m) be a local ring and M H%M). Then 

J^lf is a stable I -filtration =^ annM = 0. 

Proof. For a local ring (i?, m), the /-adic filtration is separated (by Krull's inter- 
section theorem). Hence annM = 0. □ 

In the next proposition we prove a partial converse of above Corollary 5.8. 

Theorem 5.9. Let I be a regular ideal. If annM = then J^j^ is a stable I- 

filtration. 

Proof. Notice that M ^ ilO(M). Set = M/H°{M). Note that grade(7,iV) > 0. 

We have 

(*) r(/", M) = r (/", N) for all n > 0. (by Lemma 3.2) 

Let X e a,nnR{N). We have xM C H'}{M). Thus there exists k > 1 such that 
I^{xM) = 0, so x/*^ C annAf = 0. But since / is regular, x = 0. Hence aimn{N) = 
0. Therefore, by Theorem 5.3, the filtration {r(J", -/V)}„>o is a stable /-filtration 
and so is □ 

6. The case when Mp is free for all p e Spec(i?) \ m-Spec(i?). 

In this section we study our filtration = {r(/",M)}„^i when M is free for 
all p G Spec R \ m-Spec R. We show that for a regular ideal 7, !F{^ is a stable I- 
filtration when Ass R n m-Spec R = %. We also prove that if A* (I) D m-Spec R = % 
then r{I",M) = /" for all n ^ 1. Here A* {I) is the stable value of the sequence 
Ass(^/7"). 

6.1. Throughout this section we assume that 

(1) Ass R n m-Spec i? = and 

(2) M is an i?-module such that Mp is free for all p £ Spec 7? \ m-Spec 7?, where 
m-Spec 7? = {m : m is a maximal ideal of 7?}. 

We give some examples where these assumptions hold. 

Examples 6.2. 

(1) Ass 7? n m-Spec 7? = holds if and only if depth 7?n^ > for all m G 
m-Spec 7?. Thus if (7?, m) is a local domain which is not a field then as- 
sumption 6.1(1) holds. 

(2) If an 7i-module M satisfies the exact sequence of the form 

— >M — >F — > F/M — >■ 0, with e{F/M) < oo, 

where 7^ is a free 7?-module then Mp is free for all p G Spec 7? \ m-Spec 7?. 

(3) Let (7?, m) be a local Cohen-Macaulay ring and an isolated singularity i.e., 
7?p is regular local for all prime p ^ m. Then if M is a maximal Cohen- 
Macaulay 7?-module then Mp is free for all p 7^ m. 

Lemma 6.3. {with hypotheses as in 6.1) annM = 0. 

Proof. Notice that (annM)p = ann7?p(A7p) = 0, for all p G Spec 7? \ m-Spec 7?. By 
our first hypothesis, we can have Ass(ann M) n m-Spec 7? = and so Ass(annM) = 
0. Therefore annM = 0. □ 
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The following proposition readily follows from Theorem 5.9 and Lemma 6.3. 

Proposition 6.4. {with hypotheses as in 6.1) If I is a regular ideal then J^j^ is a 
stable I -filtration and so TZ{Tl^) is finitely generated as an TZ{I) -module. 

Remarks 6.5. 

(1) By the result of Brodmann [2], the sequence Ass(_R//") stabilizes for large 
n. Let A* {I) denote the stable value of this sequence. 

(2) Ratliff in his paper [10, 2.7], has proved that the sequence Ass(i?/7") even- 
tually stabilizes at a set denoted by A*{I). 

(3) In [10, 2.8], it is also proved that C A*{I). 

(4) By [12, 1.6], we have p € A*{I) if and only if ps S A*{Is), for any multi- 
plication closed set S disjoint from p. 

The following is well-known. We include a proof for lack of a suitable reference. 

Lemma 6.6. For a regular ideal I we have 

(a) Ass(i?/J") C Ass(i?//^) for all n^l. 

(b) Further, Ass(i?/J») C A* {I) for alln^l. 

Proof (a) Fix n ^ 1. Let p D 7 be such that p G Ass(i?//"). We localize R at p. 
Set m = p-Rp. Since associated primes behave well with respect to localization so 
we may assume that (i?, m) is local and m e Ass(i?/7"). We may further assume 
that R/m is infinite. Otherwise we make a base change 7? — > -R[-'^]mi?,[x] — T. 
Let n = mT, the extension of the maximal ideal of R in T. Notice that if E is an 
7?-module then 

n G kssT{E igiR T) if and only if m G Ass E. 

Therefore we assume that (7?, m) is local with R/m infinite and m G Ass(7?/7"). 
Let a; G 7 be a superficial element with respect to 7. Consider the map 

/i^ : 7?/7" — > R/r^^, such that a 7" i — > ax -\- 7^. 

Clearly /x^ is 7?-linear. Also it is injective. Thus m G Ass(7?/7") C Ass(7?/7"+i). 
(b) By repeatedly using (a) we get 

p G Ass(7i/7»+*^) for all A; > 1. 

Note that for fc > 0, 7^ = 7"+'=. Also by Remark 6.5(1), Ass(7?/7"+*=) = A* {I). 
Therefore the result follows. □ 

Theorem 6.7. [with hypotheses as in 6.1) Let I he a regular ideal of R. Then 
the function n ^ £{r{I"- , M) / 1"-) is a polynomial function. Furthermore if A* (I) Ci 
m-Spec 7? = then r{I'', M) = 7" for all n^l. 

Proof Notice that 7" C r(7",M) for all n > 1. Let p G Spec 7? \ m-Spec7?. By 
hypotheses, Proposition 1.4(e) and Remark 1.5, we have 

(*) r (7" , M)p = rn^ {i; , Mp ) = 7^ for all n > 1 . 

Therefore for all n > 1, 

is finite. 
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By Proposition 6.4, 7^(jF|^) is a finitely generated 7?.(/)-inodule. Also TZ{T) is a 
finitely generated 7^(/)-module. So 

is a finitely generated 7?.(/)-niodule. From a well-known fact it follows that the 
function n \ — > I ^r(/",M)//"^ is a polynomial function. 

The exact sequence ^ r{I"^ , M) /I^ R/I^ yields 

Ass ( ^^^'y^^^ ^ C Ass C A* {I). 

If A*{I) n m-Spcc i? = then by (*) wo get r(I'^,M) = /" for all n ^ 1. □ 

Remark 6.8. If A* {I) n m-Speci? ^ then r(J,M) need not be equal to I. For 
instance let R = k[t^,f\f'^,t^^],n where m = {t^,t^\t^\f^). Let / = 
Set M = {t^, i", t") considered as a submodulc of R. Notice that e{R/M) is finite. 
By Example 9.7 we get that r(/", M) ^ J" for all n > 1. In this case / is m-primary. 
So A*{I) = {m}. 

In view of Theorem 6.7 we give some situations of prime p such that p G A*{T). 
Remarks 6.9. 

(1) If ht{p) = the analytic spread of /p then p e A*{I). (see [12, 4.1]) 

(2) If p G A* (I) \ B*{I), where B*{I) is the stable value of the sequence 
Ass(J"//"+1), then p G Assi?. (see [12, 2.2]) 

(3) With hypotheses as in 6.1, if a maximal ideal m G A* {I) then m G B*{I) 

that is, m G Ass_r,(J"//"+1) for n > 0. So wc get m/J G AsSfl/j(J"/J"+i) 
for n > 0. Set G = G/(i?). By [13, 2.1], we thus have m/I = Qn R/I such 
that Q G Ass (G)\F(G+). 

Corollary 6.10. {with hypotheses as in 6.1) In addition let (-R, m) he a local Cohen- 

Macaulay ring. Let xi,...,Xr he a regular sequence with r < dimii. Set I = 
(xi, . . . , Xr) R. Then r{I'^,M) = /" for alln>l. 

Proof. Clearly R/I"' is a Cohen-Macaulay ring of dimension greater than or equal 
to 1 for all n > 1. So m ^ AssCR//") for all n > 1. This gives m ^ A* {I). Therefore 
by Theorem 6.7, r{I" ,M) — /" for all n > 1. However as depth ^/(i?) > we get 
1^ = 1^ for all n > 1. The result follows. □ 

7. Some more Analysis on r(7, M) 

In this section we analyze the case when ann M need not be zero. We also consider 
the case when grade(/, M) = 0. When M ^ IIj{M) both these cases can be 
dealt with by going modulo the ideal {H°j{M) : M). We prove that r(7"+\ M) = 
I ■ r{I'^,M) + {H^{M) : M) for all n » 0. Our techniques also yield Km = 
I^'M + H^iM) foralln>0. 

7.1. Before we proceed further let us fix some notations which we will use through- 
out the section. Set N = M/H'}{M), q,{M) = {H%M) : M) and S = R/q,{M). 
Let J be the image of / in S. 
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Proposition 7.2. Let M be an R-module such that M ^ H^{M). Then 

(a) r(7",M) = rfl(/",JV) for all n > 1. 

(b) q,{M) C r{r,N) for all n > 1. 

(c) anns(iV) = 0. 

(d) gradefl(7,7V) = grades(J,7V) > 0. 

(e) r{I'',M)/q/{M) =rs{J'',N) for all n>l. 

Proof. Set q = q^{M). (a) follows from Lemma 3.2(a). Parts (b) and (c) are easy 
to prove. For (d), note that Hj{N) = 0. To prove (e), it is sufficient to siiow that 

rCJ" N) 

^ ' ' =rs(J",N) foralln>l. 
q 

Let X G r(/",iV). Thus xl''N C I'^+^N, so by going modulo q, we get 

xJ'^N C J"+*^7V. So xers(J",A^). 
Conversely if x G rs{J'\N) then we have xJ'^N C .F'^+^N. Thus 

This implies {xl^ + g)Af C (/"+'= + g)iV. So xI^N C /"+'=7V, since g = ann^j N. 
Therefore x G r(/", TV) and hence x G r(/", N)/q. □ 

Theorem 7.3. Let M 6e an R-module such that M ^ H^{M). Then 

r{r+\M) = I ■ r{r,M) + {H^{M) : M) for all n > 0. 

Proof. By Proposition 7.2(d), grade<j( J, A^) > 0. Together with result (c). this 
gives that the filtration {rs{J" , N)}n>Q is a stable J-filtration (by Theorem 5.3). 
Therefore we have rs( J"+\ TV) = J ■ rs(J", N) for all n > 0. So 

r(/"+\M) _ (I + q\ (r{I'',My 



Thus r(/"+S M) = / • r(/", M) + q for all n » 0. □ 

7.4. Consequences of Theorem 7.3 

(1) When M = Rwe have, for any ideal I, 

= I-I^ + H^{R) foralln>0. 

(2) If grade(/, M) > then 

r(/"+\ M) = / • r(/", M) + annM for all n > 0. 

Next we relate 7"M and 7"M. In the case when M = R, the following result is 
proved in [21, 2.13(a)]. 

Proposition 7.5. Let I be an ideal of R and M an R-module. Then 
P^ = I"-M + H'}{M) foralln-Xi. 
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Proof. By Proposition 7.2(d), grade(J,iV) > 0. Therefore J" TV = J" TV for all 
n > 0. So 

It is easy to see that Hj{M) C /"M for all n > 1. By an argument similar to 
Proposition 7.2(e), we get 



Thus from equation (i), the result follows. □ 

Corollary 7.6. Assume that Ti{I,M) = 0„>o-f"-^ is a Noetherian TZ{I)-module 
and M is separated with respect to the I-adic topology. Then Hj{M) = 0. 

Proof. Since TZ(I, M) is Noetherian, there exists a positive integer no G N such 
that /NVf = /»-»o5^ for all n ^ no. So iJ°(M) C /"-"o/^^ g J"-»ojv^ for 
all n ^ no. Thus the result follows from our hypothesis on M. □ 

8. Relation with a Superficial Element 

In this section we assume that (i?, tn) is local with the maximal ideal m. The goal of 
this section is to understand the relation between r(7, M) and a superficial element. 
To ensure the existence of superficial clement we assume (unless stated otherwise) 
that the residue field K = R/m \s infinite. When / is m-primary our techniques 
yield an easily computable bound on k such that /" = (/"+*^ : l'^) for all n > 1. 

8.1. Recall an element x e / is called M- superficial with respect to I if there exists 
an integer c > such that 

{r+^M -.M x)nFM = TM for all n>c. 

Superficial element exists when K is infinite. If grade (/, M) > then every M- 
superficial element is also M-regular. Also if a; G / is M-superficial and M-regular 
then 

(7"+^M ■.mx)= rU for all n » 0. (see [20, p. 8] for the case M = R) 
Proposition 8.2. Let x G I be a M-superficial element. Then 

(r(/"+\ M) : a;) = r(7", M) for alln>l. 
Proof. Since a; G / is Af -superficial, there exists c > such that 

(i) {P+^M :m x)r\rM = PM forallj>c. 

It is easy to sec that r(/",M) C (r(/"+\M) : x) for ah n > 1. Conversely let 
a G (r(/"+i,M) : x). Then 

ax G r(/"+S M) = {r+^+^M : PM) for A: > 

Thus axI^M C 7"+'=+1m for A; > 0. 

Now for fc » 0, we have al^M C /^M. Therefore, by (i), we get 

al^M C 7"+'=M. 

Thus a G (7"+'=M : I^M) C r(7", M). □ 
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8.3. If grade (/, M) > then = /"M for all n > 0. Define 

/(M) := min{ n : PM = FM for alH > n }. 

If X e / is -M-superficial then it is proved in [16, Corollary 5.3] that 

p\M) = min{ n : {F+^M :m x) = PM for alH > n }. 

Proposition 8.4. iei grade(/, M) > 0. Then 

r{r, M) = {rM : M) for all n > p\M). 

Proof: Let a; S 7 be both M-superficial and M-regular. So 

(i) {r+^M iM x)=rM for all n>p^(M). 

Let a G r(/", M). Then al''M C 7"+'=M for some A; > 1. So ax''M C 7"+'=M. By 
repeated use of (i), we get aM C (7"+'=M :m x'') = rU. Therefore a e (7"M : 
M). □ 

Corollary 8.5. Let x £ I be M-superficial such that x* is Gi{M)-regular. Then 

ril"^, M) = {rM : M) for all n > I. 

Proof. Since x* is G/(M)-regular, we have 

(7"+^M :m x) = rM for all n > 1 

So p^{M) = 1. Therefore the result follows from Proposition 8.4. □ 

Notation: Let 7 be an tn-primary ideal. Suppose M is of dimension > 0. We 
define the postulation number r]^{M) of 7 with respect to M as follows: 

r]\M) := min{n : 77f (i) = (t), for all t > n], 

where Hf{n) = £(M/7"+^M) is the Hilbert-Samuel function of M with respect to 
7 and p^{t) is the Hilbert-Samuel polynomial of M with respect to 7. Let a; € 7 
be M-superficial. We set 

M) = max{ r]\M), t]'{M/xM) }, 

The following proposition is proved by J. Elias in [6, 1.3] for M = R. The same 
proof applies to the general case. 

Proposition 8.6. Let I be an m-primary ideal. Let x G I be an M-superficial and 
M-regular element. Then 

{l''+^M : x) = I'^M for all k > ri\x, M) + 1. 

□ 

Remark 8.7. Prom above Proposition 8.6, if grade(7, M) > 0, it follows that 
p\M) ^r]\x,M) + l. 

Proposition 8.8. 7ei grade (7, M) > 0. Then 

r{r,M) = {I''+''M : I'^M) for all n > 1 and k > p^{M). 



RATLIFF-RUSH FILTRATION 



19 



Proof. Clearly grade(/, /'^M) > 
2.7, we have for each n > 1, 

r{r,M) = 
Thus r{r,M) = 

When M = R wc obtain that 

Corollary 8.9. Let I be a regular ideal. Then for each value of n, we have 

= : J'^) for all k ^ p'{R). 

Remark 8.10. In particular, if I is an m-primary regular ideal then for each n > 1, 

= {r+k : I^) for all k > ri\x, R) + 1. 

For n = 1 the result above was proved by Elias [6, p. 722]. However our result does 
not follow from it. Furthermore even for n = 1 our method is simpler to compute. 

It is of interest to find a similar bound for 7"M. We prove 

Theorem 8.11. Let grade (/,M) > 0. Then for each n>l, we have 

Fm = {I''+^M :m I^) for all k > p\M). 

Proof. Let a; e / be M-superficial. It is enough to show that for k > p^{M), we 
have 

(/«+fe+iM :m I''^^) C Af :m 

Let m G (/"+'=+iM :m /''+^). Then m/'^+i C /»+'=+iM, so mxl'' C /"+'=+iM. 
Therefore 

ml'' C {r+'^+^M -.M x) = r+'^M. 

So me {I'^+'^M :m □ 

The next theorem deals with the situation when residue field i?/m is not neces- 
sarily infinite. 

Theorem 8.12. Let (i?, tn) be local, M an R-module and let I be an ideal with 
grade(7, M) > 0. Then the following hold for all k > p^{M), 

(a) r{I",M) = {I^'+^'M : I'^M) for all n> I. 

(b) Km = (7"+'=M :m for all n>l. 

In particular, when M = R we have for each n, 7" = (7"+*^ : 7'^) for all k > 
p\R). 

Proof. Note that (b) follows from (a). We now prove part (a). Consider the faith- 
fully flat extension 

R^T = R[X]^R^x]. 



for all k. By Proposition 1.4(g) and Proposition 

r{I"',l''M) for all fc > 1, 

(7"+feM : I'^M) for all fc > 1. 
(7"+'=M : 7'=M) for all k > p\M). 

□ 
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Note that the residue field of T is K{X), the quotient field of polynomial ring 
K[X] and it is infinite. Set q = IT and E = M igiR T. By Proposition 1.4(d), we 
get 

r{r,M)<»RT = r{q",E) 

= {q'^+^E -.T q^E) for all k > pi{E), 
= {r+''M : I''M)®rT for allfc >p«(£;). 
By [16, 1.7], we have p'i{E) = p\M). Fix k > p^{M) and set 

D = r{r,M)/{r+''M : I'^M). 

Then we have D (Sir T = 0. Since T is a faithfully flat extension of R, we get 
D = 0. □ 

We used the packages CoCoA [1] and Singular [7] for our computations. We 
reconsider the Example 1.3. In this example we apply Theorem 8.12 to compute 

J" for each n. 

Example 8.13. (see [17, 1.4]) Let R = fc[a;, y]^^. j,^ and the ideal 

Set u = x'^^ + y^^. The Poincare series of / and I /u are 

„^ , , 227 + 189< + 10<2 + 10f3 - 
PSiit) = , 

„^ 227 + 189t + 12t2 + 6*3 
PSi/u{t) = . 

So ei{I/u) = ei{I) for i = 0,1. Thus u is ii-superficial with respect to /. Note 
that p\R) < r]\x, R) = 3. Therefore by 8.12, 7" = (7"+^ . j3) ^ jn f^j. „ ^ 3 
Also 

I = {I':I')=I, 
72 = (75:73)=72 + (x2V',a;'V°)ii- 

9. The case when 7 has a Principal Reduction 

In this section we discuss ideals having principal reductions. When I has a principal 
reduction J = (x), the computation of r(7, M) is greatly simplified. Let r = r^il) = 
min{ n : 7"+^ = xl^ }, the reduction number of 7 with respect to {x) then we 
show that r{I",M) = {r+^'M : FM) for all n > 1. This result is then used to 
compute many examples. 

Proposition 9.1. Let grade(7, M) > 0. 7/7 has a principal reduction (x) with 
reduction number r^ (7) < r then the following hold 

(a) If r(7"+i, M) = x ■ r(7", M) for some n then r{I"'+'^,M) = x ■ ril"", M) 
for all m > n. 

(b) r{r\M) = {r+''M : FM) for all n > 1. 

(c) 7"M = [F+'-M :m F) for all n > 1. 

But before we do this we first need to prove the following lemma. 
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Lemma 9.2. Let the situation he as in Proposition 9.1 . Then x is M -regular and 
(x) n r(/"+\ M) = X ■ r{r\ M) for all n>l. 

Proof. It is easy to check that x is M-regular. Let ax S r(/"+^ , M) for some a £ R. 
Then axl'^M C 7"+i+'=M for some A; > 0. We assume k > r^il). Therefore 

axI^M C xr+^M. 

Since x is M-regular, we get a e {I'^+^M : I^M) C r(7", M). □ 

We now give the proof of proposition. 

Proof of Proposition 9.1. (a) By Lemma 9.2, x is M-regular. For all m > n, we 
have 

r(/™+\M) C r(/"+\M) C (x). 
Thus, r(/™+\M) C (x)nr(/"+\M), 

= x ■ r{I"^,M), (by Lemma 9.2) 
C r{r'+\M). 

(b) : It is enough to show that (7"+''+iM : r+^M) C (7"+'-M : /""M). Let 
a e (/"+'"+iM : 7''+iM). 

a7'^+iM C 7"+'^+iM, 
so ax-FM C x-7"+''M. 
As X is M-regular we get a7'^M C 7"+'^M. 

(c) It is similar to (b). □ 

For M ~ R Proposition 9.1(c) yields 

Corollary 9.3. Let L be a regular ideal having a principal reduction {x) with re- 
duction number rx {I) < r. Then 7" = (7"+'': 7"") for all n > 1. □ 

Remark 9.4. For n = 1 the result above has been proved already in [4, 2.1]. 
However for n > 2 their result does not imply ours. Notice that, since r^n (/") < 
rx{I) < r, [4, 2.1] implies 7" = (7"''+": 7"*^). 

Examples: We use Proposition 9.1 to construct many examples. We first give an 
example of a module M with no free summand such that r(7",M) = 7" for all 
n^l but 7M 7^ 7M. 

Example 9.5. Let Q = k[x, y]{x,y} be a local ring with the maximal ideal n. Set 
(7?,m) = ((5/(y^),n/(y^)). Consider the 7i-module 



W y 



Note that M is a Cohen-Macaulay i?-module. Also notice that m"^ = x • so 
i^xi^) = 2. We compute r(m",M) for n > 1. Using Proposition 9.1(b), one checks 

r{m\ M) = (m'+^M : m^M) = m' for i = 1, 2, 3. 

Thus, by Proposition 9.1(a) we have 

r(m"+\ M) = X ■ r(m", M) = m"+^ for all n > 2. 
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We also compute mM by using Proposition 9.1(c) 



xnM = {m^M :m m^) = 
and mM = 



\ ( y \ ( xy 



y' r\xy " > -2 



\ / xy 



xy 



2 



Hence mM ^ mM. 

We give an example where r(/", M) = /" for all n > 1 and IM = IM . 
Example 9.6. Let 

A = — ^ k[t\t\t^% 

< x° — z^, y-^ — xz > 

Set R = An, where n = (x, y, z) A. Let m be the maximal ideal of R. Let 



yz 

Note that M is a Cohen-Macaulay i?-module and m^ = a; • m^ so rx{xn) = 5. 
Therefore using Proposition 9.1(b), one can check the following 

r(m",M) = (m"+^M : m^M) = tn^ = (m"+^ : m^) for n = 1,...,6. 
Also m"7^m" for n = 2, 3, 4 and m" = m" for all n > 5. 
Thus, by Proposition 9.1(a) we have 

r(m"+\ M) = X ■ r(m", M) = m"+^ for all n > 5. 
Using Proposition 9.1(c), one can verify that mM = (m^M -.m ra^) = mM. 

Next we give an example in which we have /" 7^ ?'(^", M) for all n ^ 1, and 
J^li is a stable /-filtration. 

Example 9.7. Let A = Using Singular we get 

k[x,y,z,w] 



A B 



(y^ — xw, yz — x"^ , z^ — x^w, yw — x^z, zw — x^y, w"^ — x^yz) 

Set R = Bm, where m = {x, y, z, w) B. Let / = {x, y) R and M = {x, y, z) R. One 
can check rx{I) = 2. Note that x is both M-regular and i?-regular. By Proposition 
9.1(b), we have 

r(/,M) = {I^M ■.I^M) = {x,y,z,w)R, 
r(/2,M) = {I^M : I'^M) = {x'^,xy,xz,xw)R = x-r{I,M). 

And J = (1^ :I^) = {x,y,w)R, 

P = (/■* : /2) = (a;^ xy, xw)R = x-I. 

Therefore we have 

r(/"+\M) = a; ■r(/",M) = (a;"+\a;"y,x"z,a;"w)i? for all n > 1, 

= a:-J" = (a;"+\x"y,x"w)i? forall n> 1. 

Notice that a;"~^2; t'^'^^'^^ . We use the expression of /" from Example 1.2 to 
verify that a;"~^2 ^ 7". Therefore /" 7^ r(7",M) for all n > 1. Since M is a 
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non-zero ideal of R and i? is a domain so annM = 0. Notice that / is a regular 
ideal. So, by Theorem 5.9, J^lj is a stable /-filtration. 



In this section we assume that {R, m) is a local ring with the maximal ideal m and 
/ an m-primary ideal. Let P^{t) be the Hilbert-Samuel function of M with respect 
I. We first show that if grade(/, M) > then the set 

H{I) = { J : J is an ideal of R such that J D 7 and Pf{t) = P^{t) } 

has r(/, M) as the unique maximal element. If dimM = 1 and depth A7 — then 

n{I,M) = 0„>o7^ is not Noetherian. However G/(M) = ©„^o?"/^^^ is 
a Noetherian G/(i?)-module, in fact a Cohen-Macaulay G'/(i?)-module (Theorem 
7.6). Next we give an application of Proposition 7.5 to show that if dimM = 1 
then e((M) - e^(M) + {{M/IM) > -£ {H^{M)) . 

10.1. Recall that the Hilbert-Samuel function of M with respect I is the function 



It is well known that for all large values of n it is given by a polynomial Pf^ {n) 
of degree r = dimM, the Hilbert-Samuel polynomial with respect to /. It can be 
written in the form 



The integers eo(M),e{(M), ...,e^(M) are called the Hilbert coefficients of M with 
respect to I. The number eo(M) is also called the multiplicity of M with respect 
to /. 

10.2. For an m-primary ideal /, wc define the set 

n{I) := {J: J is an ideal of R such that J^I and PfUt) = Pf' (t) }. 

Proposition 10.3. Let grade(/, M) > 0. Then r{I,M) is the unique maximal 
element of H{I). 

Proof. By Corollary 2.6, we have r{I, M)'^M = I"M for all n > 0. So r{I, M) e 
W(7). Conversely if J G H{I) then J"M = 7"M for all n » 0. Let a; G J. We 



a;7"-iM = x^'^M C J"M = /"M for all n > 0. 

So X G {rM : r-^M) = r{I,M). 

Thus J C r{I,M). It follows that r{I,M) is the unique maximal element in 



10. Application to Hilbert Functions 



ni — (M/r+'^M) for all n > 0. 




have 



n{i). 



□ 



Remarks 10.4. We have 



(a) 7"M = 7"M -I- H^{M) for all n » 0. (by Proposition 7.5) 

(b) By using Artin-Rees lemma, we can check that 

7"M n 77y(M) = for all n » 0. 
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(c) Using (a) and (b), it is easy to prove that 

^-r^^-^^'W for aim »0. 

Set G/(M) = 0„>o f^/I'^+'^M. In dimension one we have 

Theorem 10.5. Let {R, m) be a local ring. Let I be an m-primary ideal and suppose 
that M is an R-module with dim M = 1 . Then 

(a) l{M/f+Hd) = ei{M){n + 1) - e{(M) - I {H^{M)). 

(b) Gi{M) is a finitely generated G i{R)-module of dimension 1. 

(c) Gi{M) is a Cohen- Macaulay Gi{R)-m,od,ule. 

Proof. We may assume that K = R/mis infinite, otherwise we consider the stan- 
dard base change R — > ^^[-'^JmAfx] (see [16, 1.3]). 

(a) Prom the exact sequence 

— > f^+Hd/r+'^M — > M/r+'^M — > M/f^+ni — > o 

and using Remark 10.4(c), it follows that for all n 0, 

l{M/f+Hd) = e'o{M){n + 1) - e[{M) - I {H^{M)) . 

(b) Consider the exact sequence 

— > ?W/7"+iM — > M/7"+iM — , M/Km — > 0. 
By (a), we have 

(ii) £ (t^/T^h^m) = e^(M), for all n > 0. 

Let a; e / be M-superficial which exists as the residue field K is infinite. Let x* 
be the image of x in I/P, considered as G7(i?)-element. Then by Proposition 8.2, 

the sequence 

(iii) — > i^//"+iM ^ /"^^//"+2M 
is exact. In view of (ii). we get 

(iv) /"^^//"+2M 0^ X* ■ (j^/J»+im) for aU n > 0, say for n > no- 

Let S = { zi, Z2, Zs } be the set of homogeneous generators of 0"^o I'^M/I'^+'^M 
as an i?- module. Using (iv) it follows that S generates Gi{M) as a G'/(7?)-module. 
Since £ = e^(M) > for ah n > 0. It follows that dim G/(M) = 1. 

(c) By(iii2, we have x* is G/(M)-regular. So depth G/(M) > 0. As dimG/(M) = 1 
we have Gi{M) is Cohen-Macaulay. □ 

Theorem 10.6. Let the situation be as in Theorem 10.5. Then 
e{{M) - e^(M) + £{M/IM) > -£ {hI{M)) . 

Further equality holds if and only if Tm = IM and = I'^M + H^{M) for 

n > 2. 

In [8, 3.1] a sharper bound is found. However the case of equality is different. 
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Proof. As Gi{M) is a finitely generated G/ (i?)-module so there exists G Z[t] 
such that 

n=0 ^ ' 

where = /lo + /iii + /i2t^ + -■ + hst" . As G/(M) is a Cohen-Macaulay Gi{R)- 
module, all the coefficients of h{t) are non-negative. Thus 

s 

e~/(M) = eV(M)-/io + ^(j-l)/ij, 

= e~o^ (M) - ^ (m//m) +Y,{j-l)h^, 

s 

= Go^(M) - I (M/IM) + I {Jm/IM^ + ^(j - 

For n » we have f {m/I'^+'^M^ = eo\M){n + 1) - e'/(M). By comparing it 

with 10.5(a), we get cq^M) = e^(M) and ei\M) = ef(M) + £ {H^{M)) . Thus 
we get 

e{{M) = eV(M)-^«(M)), 

= e~o^(M) - £ {M/IM) + £ {iM/IM^ + - - t , 

S 

= el{M) - £ {M/IM) + £ (Im/IM^ + J^U " - £ {Ki^)) • 

J=2 

Hence equality holds if and only if X)j=2(i^l)^'i = ^ IM = IM. Assume that 
equality holds that is, Im = IM and Ei=2(j- = 0- We have hj = for j > 2. 
So, by graded Nakayama's Lemma one can see that Gi{M) is generated in degree 
and 1. This follows that VM = PM + li+^M for all j > 2. By Proposition 7.5 
we thus get I'M = PM + H^{M) for j >2. Conversely suppose that IM = IM 
and LTM = PM + H^{M)^ for j ^ 2. This gives im = PM + for all 

j ^ 2. Which implies that Gi{M) is generated in degree zero and one. So we have 
hj = for all j > 2. □ 

We give an example which shows that the bound in Theorem 10.6 can be at- 
tained. 

Example 10.7. Let R = k[\x, y\]/{xy, jj^) with the maximal ideal m = < a;, y > i?. 
The Hilbert function of R with respect to m is 

l + z- 
1-z ■ 

Wegetei(i?)-eo(i?)+^(i?/m) = -1. We now claim = 1. Let 9 =< y>R 

be the ideal in R. Notice that m - q = 0. Also q 0- Thus g ~ fc as i?-modules. 
Further R/q Hl^W is Cohen-Macaulay. Now using the short exact sequence 

O^q^ R^ R/q^O, 
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we get H^{R) ~ H^{q) = k. 

In view of Theorem 10.6 we pose a question 
Question: If dim M > 2 then is the set 

{ e{{M) - eo(M) + £{M/IM) : / an m-primary ideal } 

bounded below ? 

This result holds if M is a generalized Cohen-Macaulay i?-module. (see [8, 2.4 and 
3.1]). 
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